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Constrains of Charge-to-Mass Ratios on Noncommutative Phase Space
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School of Physics Science, Shaanxi University of Technology, Hanzhong 723000, Shaanxi, China
Based on recent measurements on the charge-to-mass ratios of proton and anti-proton, we study
constraints on the parameters of noncommutative phase space. We find that while the limit on the
parameter of coordinate noncommutativity is weak, it is very strong on the parameter of momentum
noncommutativity,
√
ξ . 1µeV. Therefore, the charge-to-mass ratio experiment has a strong sensi-
tivity on the momentum noncommutativity, and enhancement of future experimental achievement
can further pin down the momentum noncommutativity.
I. INTRODUCTION
The noncommutative filed theories are established on
a noncommutative space which is characterized by a de-
formed algebra between coordinate operators,
[xµ, xν ] = iθµν , (1)
and parameterized by the totally anti-symmetric con-
stant tensor θµν which has dimension of length-squared.
Such a model was originally proposed to address the in-
finity problem in quantum field theory [1, 2], and was
shown later that similar property can also appear both
in string theory embedded in a background magnetic
field [3], and quantum gravity [4]. It has been shown
that the rotational symmetry can be broken [5, 6], and
consquentlly the energy levels of hydrogen atom [7] and
Rydberg atoms [8], and topological phase effects [9–11]
as well as the quantum speed of relativistic charged par-
ticles [12–15] and fluid [16] can receive interesting correc-
tions. The algebra (1) can be accomplished by a replace-
ment xµ → xµ + pµ/(2~). However it has been pointed
out that this simple shift method can not lead to gauge
invariant results [17, 18], and the nontrivial gauge invari-
ant physical effects exist only for the noncommutative
algebra in the momentum space described as follows [19–
26],
[pµ, pν ] = iξµν , (2)
where ξµν is also a totally anti-symmetric constant ten-
sor, and parameterizing the momentum noncommutativ-
ity. In consideration of that the momentum operators are
defined as the derivatives of the action with respect to the
noncommutative coordinates, the algebra (2) can appear
naturally as a result of the algebra (1). A more general
investigation on the whole Poincare group was conducted
recently in Ref.[27], and relativistic corrections to the al-
gebra of position variables and spin-orbital interaction
were studied in Ref. [28]. Therefore, in case of that the
gauge problem can be cured by using the Seiberg-Witten
(SW) map [3, 9, 10], it is interesting to study the physi-
cal effects when both the nontrivial algebras (1) and (2)
exist.
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On the other hand, noncommutative field theories
can invalidate the CPT theorem [29–32], which is one
of the most profound symmetry implied in any local
and Lorentz invariant field theory [33]. Generally, the
CPT invariance can be broken in extended field theories
with either broken [34–38] or conserved Lorentz symme-
try [29, 30, 39]. The noncommutative extensions are of
particular interesting since the CPT symmetry can be
broken in both ways [29–31], and has been extensively
studied [29–32].
In this paper, we study the constraint on the noncom-
mutative parameters θ and ξ by using recent experimen-
tal results on the charge-to-mass ratio of proton and anti-
proton [40]. The CPT invariance implies proton and
anti-proton have completely the same charge-to-mass ra-
tios, apart from a sign. The measurement in Ref. [40]
gives a strong limit on possible derivation,
(Q/m)p¯
(Q/m)p
− 1 = 1(69)× 10−12 . (3)
Due to that the noncommutativities of phase space are
purely geometrical properties, its physical effects are in-
dependent of composition of the particle. The measure-
ments on proton and anti-proton in Ref. [40] is expected
to give strong constraints on the noncommutative param-
eters.
The contents of this paper is organized as follows: in
Sec. II we study the noncommutative corrections on cy-
clotron frequency of a charged particle in an external
magnetic field; in Sec. III we study the constraints of the
results in Ref. [40] on noncommutative parameters; in
Sec. IV we study the constraints of the results in Ref. [40]
on a related model with Lorentz violation; summary is
given in the final section V.
II. NONCOMMUTATIVE CORRECTIONS ON
CYCLOTRON FREQUENCY
In general there are two distinct proper “fundamen-
tal” representations for matter fields under the noncom-
mutative U(1) group [31]. The first one which is called
the positive representation has a gauge transformation
ψ′+ = U(x)⋆ψ+, while the second one which is called the
negative representation is ψ′− = ψ− ⋆ U
−1(x), where the
2⋆-product is a realization of the algebra (1). And for ev-
ery one, there is a corresponding “covariant” derivative,
D+µ ψ = ∂µψ + ieψ ⋆ Aµ , (4)
D−µ ψ = ∂µψ − ieAµ ⋆ ψ . (5)
With each of the covariant derivatives defined above, the
Lagrangian
L± = ψ± ⋆ (iγµD±µ −m) ⋆ ψ± (6)
is invariant under the noncommutative U(1) transforma-
tions. These two types of fermions are related by a charge
conjugation transformation [31]. With the assumption
of that the noncommutative parameter reverse its sign,
i.e., θ → −θ, under C transformation, then the noncom-
mutative quantum electrodynamics (NCQED) preserves
C symmetry. Even through the above θ transformation
property has an intuitive explanation [31, 41, 42], it is
more interesting to investigate the phenomenology of the
C violating NCQED in consideration of that in this case
even neutral particles can couple to photons [43, 44].
No matter which representation is chosen, the SW
map [3] can be employed to keep the original gauge sym-
metry [43, 44]. It has also been shown that the coordinate
and momentum noncommutativies can appear simultane-
ouslly in a consistent way in which the ordinary electro-
magnetic gauge symmetry can be preserved [25, 26], and
the Lagrangian density for charged particle interacting
with external electromagnetic fields has been obtained
as follows,
L = ψ¯(x)(p/ −Q /ANC −m)ψ(x) , (7)
where Q is the charge of matter particle in unite of |e|,
and the effective potential ANC;µ = Aµ+Aξ;µ, i.e., a sum
of the original oneAµ and an effective termAξ;µ emerging
due to the noncommutativity of momenta operators and
having following expression,
Aξ;µ =
ξ
2~Q
(
0, y, −x, 0) . (8)
It should be stressed that the above expression of Aξ;µ
is obtained by defining the zˆ-axis as the direction of
the vector ~ξ whose components are required to related
with the noncommutative parameter θij by the relation
ξi = ǫijkξ
ij/2 such that non-zero components are only
ξ12 = −ξ21 = ξ. In this configuration, the effect of
momentum-momentum noncommutativity is an addition
of a constant magnetic background field ~Bξ = ~∇× ~Aξ =(
0, 0, Bξ
)
, with Bξ = ξ/(~Q) over the whole space. The
non-relativistic approximation can be obtained by using
the well-known Foldy-Wouthuysen unitary transforma-
tion (FWUF) [45], and neglecting the spin degree of free-
dom the non-relativistic Hamiltonian is given as [25, 26],
HNC =
1
2mθ
(~p−Q~ANC)2 , (9)
where the noncommutative effective mass
mθ = mα
−1
θ , αθ = 1−Q
~θ · ~BNC
2φ0
, (10)
and φ0 = h/e is the fundamental magnetic flux. Because
of that |θ||ξ| ≪ ~2, and furthermore usually the external
magnetic field | ~B| is much stronger then the noncommu-
tative background | ~Bξ|, the scale factor αθ in in (22) can
be approximated as
αθ ≈ 1−Q
~θ · ~B
2φ0
. (11)
We will use this approximation in the rest of this paper to
estimate the constraint on noncommutative parameters.
The charge-to-mass ratios reported in Ref. [40] was ob-
tained by measuring the cyclotron frequency of charged
particles in a constant external magnetic field B0 =
1.946T. Therefore we need to know the dynamical prop-
erties of charged particle in a constant external magnetic
field on noncommutative phase space. We require that
the external magnetic field is also along the z direction,
i.e., ~B = B~ez. This is not true in general, but is a
good approximation since that the noncommutative cor-
rection is maximum in this case. On the other hand
the measurement on the sidereal variations in Ref. [40],
which gives an upper bound of 720 parts per trillion
that is a little weaker then (3), also justifies our approx-
imation. Furthermore, we chose the symmetric gauge
to solve the static Schro¨dinger equation, and the ordi-
nary gauge potential can be expressed in this gauge as,
~A = 1
2
B(−y, x, 0). In consideration of that the z com-
ponent can be factorized completely and plane wave so-
lutions are sought, we will neglect it in the rest of this
paper, and explicit expression of the transverse part of
the Hamiltonian (21) can be obtained from upon expan-
sion,
H‖ =
p2x
2mθ
+
1
2
mθω
2x2 +
p2y
2mθ
+
1
2
mθω
2y2 , (12)
where the Larmor frequency ω = QBNC/(2mθ). One
can see that this Hamiltonian is mimic to the ordinary
Landau problem, apart from a correction on the Larmor
frequency. The noncommutative extension of the Landau
system have been studied extensively [46–54]. However,
so far the charge-to-mass ratio related physics have not
been studied. It is well-known that the corresponding
eigenvalue problem can be solved exactly in terms of po-
lar coordinates, and the energy eigenvalues are given as,
E = (n+
1
2
)~ωC , ωC = 2ω , (13)
where ωC is the cyclotron frequency.
3III. CONSTRAINTS OF CHARGE-TO-MASS
RATION
The charge-to-mass ratio can be extracted from the
measured cyclotron frequency and external magnetic
field as follows,
[
Q
m
]
exp
=
ωC
B
=
Q
m
· αθ · BNC
B
. (14)
In case of that noncommutative parameters are small,
the noncommutative corrections can be approximated as
[
Q
m
]
exp
≈ Q
m
(
1− QθB
2φ0
+
ξ
~QB
)
. (15)
Under this approximation, the antiproton-to-proton
mass ratio is given as
χNC =
(Q/mθ)p¯
(Q/mθ)p
≈ χ+ θB
φ0
− 2ξ
e~B
, (16)
where χ = 1 due to the CPT conservation of the ordinary
field theory. Therefore, by require the noncommutative
corrections lie in the 1σ region of the experimental error,
the result (3) given in Ref. [40] puts a constraint
∣∣∣∣θB0φ0 −
2ξ
e~B0
∣∣∣∣ ≤ 0.69× 10−12 (17)
on the noncommutative parameter θ and ξ. In case of
that either θ or ξ vanish, one has following upper limits,
θ ≤ 1.46× 10−27m2 , (18)
ξ ≤ 1.14× 10−65kg2 ·m2 · s−2 . (19)
While the limit on the noncommutative parameter θ is
not strong, 1/
√
θ & 0.5MeV in unite of energy, the
constraint on the noncommutative parameter ξ is very
strong,
√
ξ . 1µeV. Therefore, the charge-to-mass ratio
experiment performed in in Ref. [40] has a strong sensi-
tivity on the momentum noncommutativity.
IV. CONSTRAINT ON LORENTZ VIOLATION
PARAMETER
It has been pointed out that, the noncommutative ex-
tension of quantum field theory can be effectively de-
scribed by a quantum field theory with Lorentz viola-
tion [55, 56]. Therefore, it is expected to give give strong
constraints on the Lorentz violation parameters. In this
section, we study constraint of charge-to-mass ratio on
the Lorentz violation.
In general there can be a lot of parameters in a quan-
tum field theory with Lorentz violation [57, 58]. Here we
consider only following Lagrangian,
L = ψ(iγµDµ + iQcµνγµDν −m)ψ , (20)
where cµν is a constant tensor, and parameterizing the
strength of Lorentz violation. The CPT invariance is ex-
plicitly violated by the charge dependence of the anoma-
lous interaction term. The measurement in Ref. [40] is
expected to give a strong limit on the parameter cµν .
The non-relativistic approximation can be obtained by
using the well-known Foldy-Wouthuysen unitary trans-
formation (FWUF) [45], and neglecting the spin degree of
freedom the non-relativistic Hamiltonian is given as [59],
H =
1
2m˜
(~p−Q~A)2 , (21)
where the effective mass
m˜ = m(1 +Qc00) . (22)
Neglecting the trivial dynamics along z direction, the ex-
plicate expression of the transverse part of the Hamilto-
nian (21) is,
H‖ =
p2x
2m˜
+
1
2
m˜ω2x2 +
p2y
2m˜
+
1
2
m˜ω2y2 , (23)
where the Larmor frequency ω = QB/(2m˜). One can see
that this Hamiltonian is mimic to the ordinary Landau
problem. The eigenvalue problem can then be solved
exactly in terms of polar coordinates, and the energy
eigenvalue is given as follows,
E = (n+
1
2
)~ωC , ωC = 2ω , (24)
where ωC is the cyclotron frequency.
The charge-to-mass ratio can be extracted from the
measured cyclotron frequency and external magnetic
field as follows,
[
Q
m
]
exp
=
ωC
B
=
Q
m(1 +Qc00)
. (25)
In case of that parameters c00 are small, the corrections
can be approximated as,
[
Q
m
]
exp
≈ Q
m
(1 −Qc00) . (26)
In this approximation, the antiproton-to-proton mass ra-
tio is given as,
χ˜ =
(Q/mθ)p¯
(Q/mθ)p
≈ χ+ 2c00 , (27)
where χ = 1 due to the CPT conservation of the ordinary
field theory. Therefore, by require the corrections lie in
the 1σ region of the experimental error, the result (3)
given in Ref. [40] give a following constraint,
∣∣∣∣c00
∣∣∣∣ ≤ 0.345× 10−12 . (28)
4V. SUMMARY
In summary, we study the quantum properties of a
charged particle in a constant external magnetic field,
and by using the recent measurement on the charge-
to-mass ratios of proton and anti-proton [40], we have
shown that while the charge-to-mass ratio experiment is
not sensitive to the parameter of coordinate noncommu-
tativity, it can give strong constraint on the parameter
of momentum noncommutativity. The current bound is
√
ξ . 1µeV (in unite of energy). It is expected that fu-
ture enhancement of experimental precision can further
pin down the momentum noncommutativity. We also
studied related model with Lorentz violation.
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